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Abstract 

Jacobi algebroids, that is graded Lie brackets on the Grassmann algebra as- 
sociated with a vector bundle which satisfy a property similar to that of Jacobi 
brackets are introduced. They turn out to be equivalent to generalized Lie al- 
gebroids in the sense of Iglesias and Marrero. Jacobi bialgebroids are defined 
in the same manner. A lifting procedure of elements of this Grassmann algebra 
to multivector fields on the total space of the vector bundle which preserves the 
corresponding Lie brackets is developed. This gives the possibility of associating 
canonically a Lie algebroid with any local Lie algebra in the sense of Kirillov. 

1 Introduction 

This work was originated as an attempt to understand the Lie algebroid structure on 
T*M Q)m 1R associated with a Jacobi structure (A,r) on a manifold M The 
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formula in [p:<.SB| 

[{a, f) , (p, g)] = (Ca^P - CA^a-d<A,aAP> +fCrP - gCra - ira A /?, 

<A,PAa> +AM - Mf) + f^ig) - g^if)), 

which gives the Lie bracket on the space Q^{M) x C°°(M) of sections of T*M (Bm 
being rather comphcated, deserves a better understanding and explanation. During our 



work we have noticed that it is very close to [ IM1 | which will be our primary reference 
paper. 

Since a Jacobi bracket is just a Lie bracket on the algebra of smooth functions given 
by a bilinear first-order differential operator, we start with the study of the Nijenhuis- 
Richardson bracket on multilinear first order differential operators. This bracket is 
a graded Lie bracket but it differs from the Richardson-Nijenhuis bracket. This is 
manifested by the fact that with respect to the wedge product it is not a derivation 
but a first order differential operator. This is like the difference between Poisson and 
Jacobi brackets. 

We then discuss the case of a general Lie algebroid. Our primary object is the 
Schouten-Nijenhuis bracket associated with the Lie algebroid rather than the Lie alge- 
broid bracket itself. Deforming the Schouten-Nijenhuis bracket to a graded Lie bracket 
which violates the Leibniz rule, like in the case of the Nijenhuis- Richardson bracket for 
first order differential operators, we introduce the notion of a Jacobi algebroid. We find 
out that this is a structure equivalent to the notion of a Lie algebroid with the presence 
of 1-cocycle as defined in | |1M1[ . 

Since any Lie algebroid structure on a vector bundle E is associated with a linear 
Poisson structure on the dual bundle E*, one can expect that there is a lifting procedure 
of multilinear first-order differential operators acting on smooth functions on M to mul- 
tivector fields on TM (Bm similar to the classical complete tangent lift of multivector 
fields on M (cf. ||1Y| , pU|| ), which associates the corresponding linear Poisson structure 
with a given Jacobi bracket. We define such lifts for Jacobi algebroids and show that 
the lift of a Jacobi structure gives exactly the Lie algebroid bracket (pOl). We extend 
this for general local Lie algebra structure in the sense of Kirillov The main result 
is that any local Lie algebra structure on a one-dimensional bundle L induces naturally 
a Lie algebroid structure on the first jet bundle Ji(L). 

Introducing a Cartan calculus for a given Jacobi Lie algebroid as in ||1M1|| one can 
define Jacobi bialgebroids, by analogy to Lie bialgebroids, as Jacobi algebroid struc- 
tures on dual pair of vector bundles such that the exterior differential induced by one 
structure is a graded derivation for the Schouten- Jacobi bracket of the second one. We 



show that this reduces exactly to the notion of a generalized Lie bialgebroid in ||IM1 
The advantage of using consequently graded brackets on the corresponding Grassmann 
algebras is that this definition becomes more natural. 

2 Graded Lie brackets 

A graded Lie bracket on a graded vector space A = ('graded' means always 

'Z-graded' throughout this paper) is a bilinear operation [ , ] : ^ x ^ — > A, being 
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graded 

[^",^™] C^"+'", (1) 

graded skew-symmetric 

[x,y] = -(-ir[y,x], (2) 

and satisfying the graded Jacobi identity 

[[X, Y],Z] = [X, [Y, Z]] - i-iriY, [X, Z]], (3) 

where we fix the convention that we write simply x, a, etc., for the Lie algebra degrees 
of homogeneous elements X, A, etc., when no confusion arises. 
One sometimes writes the graded Jacobi identity in the form 

(-ir[[x,y],z] + (-ir[[y,z],x] + i-iyy[[z,x],Y] = o (4) 

which is equivalent to (|]) for graded skew-symmetric brackets. However, for non-skew- 
symmetric brackets the formula (^) seems to be better, since it means that the adjoint 

map X ^ adx = [X, ■] is a representation of the bracket, i.e. ad[x,r] is equal to the 
graded commutator 

[adx, ady] *= adx o ady — (— l)^^ady o adx = ad[x,y], (5) 

whereas has no clear direct meaning. 

With a given smooth {C°°) manifold M several natural graded Lie brackets of ten- 
sor fields are associated. Historically the first one was probably the famous Schouten- 
Nijenhuis bracket [■, -j"^^ defined on multivector fields (see [^, |N]]). It is the unique 
graded extension of the usual bracket [-, ■] on the space X{M) of vector fields to the ex- 
terior algebra A{M) = 0„g2AM(M) of muhivector fields (where A["](M) = T{A''TM) 
is the space of n- vector fields for n > and A^^\M) = {0} for n < 0) such that 

(a) the degree of X G A^"'\M) with respect to the bracket is (n — 1), 

(b) [x,fr^=xif), 

(c) [X,YAZf^ = [X,y]^^AZ+(-l)(^-i)'yA[X,Z]^^, for X e AW(M), F G 

^W(M), i.e. ad is a representation of the Schouten-Nijenhuis bracket in graded 
derivations of the graded associative algebra A{M). 

The Schouten-Nijenhuis bracket is an example of what is sometimes called a Gersten- 
haber algebra (see [[KS| , |KS1| ) which consists of a triple {A = (BnezA"', A, [■,■]), such that 
{A, [-,■]) is a graded Lie algebra and {A = (Bn€zA^"'\ A) , with ^'"^ = is a graded 

associative commutative algebra, and adx for X G A^ is a derivation with respect to 
A with degree x, i.e. 

[X, Y AZ] = [X,Y]AZ + {-iy(y+^)Y A [X, Z]. (6) 

From d^) it follows that in any Gerstenhaber algebra 

[Xi A...AX™,riA---AF„] = (7) 
5^(-l)'=+'[X,, 11] A . . . A Xfc A . . . A X„ A A . . . A 1^ A . . . A y„, 

k,l 
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where X^, Yi G and the hats stand for omissions. Note that is a Lie subalgebra 
of A and V = A~^ is an associative commutative subalgebra of A. 

The Schouten-Nijenhuis bracket is a particular case of the so-called Nijenhuis- 



Richardson bracket (| NR |) which, in turn, is the skew-symmetrization of the natural 



graded Lie bracket on multilinear operators discovered by Gerstenhaber | |Ge|| . We will 



call the last bracket the Gerstenhaber bracket. We will define all these brackets in details 
to fix notation and signs. 

Gerstenhaber bracket. Let y be a vector space over a field k. Denote by Mp{V) the 
space of [p + l)-linear maps A: Vx...xV—>-V. On the graded vector space 
M{V) = 0pg^MP(F), where M-^{V) = V and Mp{V) = {0} for p < -1, we define 
first insertion operators. For A G M"'{V), B G M^{V), the insertion IbA G M°'^^(y) is 
defined by 

a 

\bA{Xo, Xa+b) = ^{-if'A^Xo, . . . , Xk-l, B{Xk, . . . , Xfc+ft), Xfc+b+i, . . . , Xa+b)- (8) 

A:=0 

Then the Gerstenhaber bracket [A^B]^ is given by 

[A,Bf = -iAB+{-ir\BA. (9) 

We can consider the graded subspace ^(y) of skew-symmetric elements of MiV). The 
Nijenhuis- Richards on bracket on AiV) is the skew-symmetrization of the Gerstenhaber 

where skew stands for the antisymmetrization projector in MiV). We have [A, B]^^ = 
-iAB + {-IYHbA, with 

isA^XQ, . . . ,Xa+b) = ^ {-1YA{B{X„(^0}, ■ ■ ■ ,Xaib)),Xaib+l), ■ ■ ■ ,Xa(a+b)), (H) 
aeS{a+b,b) 

where S{a + b, b) is the set of unshufiles a : {0, . . . , a + 6} {0, . . . , a + 6} with 
cr(0) < . . . < (j{h), a{h +!)<...< cr(a + b). The following is well known. 

Theorem 1 The Gerstenhaber bracket and the Nijenhuis- Richards on bracket make the 
graded vector spaces M{V) and A{V), respectively, into graded Lie algebras. Moreover, 

a) the equation [A,A]'^ = for A G M^{V) is equivalent to the fact that the bilinear 
operation A on V is associative; 

b) the equation [A,A\^^ = for A G A^{V) is equivalent to the fact that the skew- 
bilinear operation A on V is a Lie bracket. 

Suppose now that V is an associative commutative algebra with unit 1. Then M{V) is 
a graded associative algebra (with elements of M"-(y) being of degree a + 1) with the 
obvious product 

A ■ B{Xo, . . .,Xa+b+2) = A{Xo, . . .,Xa)B{Xa+l, ■ ■ .,Xa+b+2), (12) 
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for A G A'^iy), B G Af'iy). Similarly, AiV) is in a natural way a graded associative 
commutative algebra (again, with elements of M'^{V) being of degree a + 1) with the 
obvious wedge product 

Denote by Dif f{V), Diffi{V), and Der{V), respectively, the space of linear differen- 
tial operators, linear first order differential operators, and derivations on V. Similarly, 
by ADif fP{V), ADif ff{V), and ADerP{V), we denote the corresponding skew 
linear operators on V which are, respectively, differential operators , first order differen- 
tial operators, and derivations with respect to each variable separately. By ADif f(y), 
ADif fi(y), and ADeriV), we denote the corresponding graded vector spaces. It is 
easy to see the following (cf. 



Theorem 2 

(a) ADif f(y) , ADif fi(y) , and ADeriV) are graded associative subalgebras of{A(y), A) 
and graded Lie subalgebras of (AiV), [■, ■]'^^); 

(b) There is a canonical splitting 

ADiffliV) = ADerP{V) © ADer^-^V) (14) 

given by A = Ai + I A A2, where Ai G ADerP{V), A2 = iiA = A{1, ■,...,■) G 
ADer'P~^{V) , and I is the identity map on V . 

(c) {ADer{V), A, [■, ■]^'^) is a Gerstenhaber algebra. In the case when V = C°°{M) is 
the algebra of smooth functions on a manifold M, one has ADer{V) = A{M) and the 
Nijenhuis- Richards on bracket reduces to the Schouten-Nijenhuis bracket. 



Proof. One can find the proofs of the parts (a) and (b) in |pr|| , Section 3. The part 



(c) follows easily from the following properties of the insertion operators versus wedge 
products: 

iciAAB) = {icA)AB + {-iy^''+^^AAiicB), (15) 
i^^^C = {-lY^''+^\iAC)AB + AA{iBC) for CeADer%V). (16) 

Here, according to our convention, A G A"'{V), i.e. A is [a + l)-linear, etc. □ 

Remark. Our convention of signs in the Gerstenhaber, and hence in the Nijenhuis- 
Richardson bracket, is different from the original one. This is chosen in this way in 
order to get a Gerstenhaber algebra structure on ADer{V) and hence on A{M). Also 
the standard Schouten-Nijenhuis bracket, which is still used by many authors, differs 
by sign from our. In particular, the Schouten bracket used in |[IM1|] is not a graded Lie 
bracket, since it is not graded skew-symmetric. It seems reasonable to use consequently 
graded Lie algebra brackets in order to avoid confusions. This will also simplify certain 
formulae and definitions, as we will see it later. 

Since we already know that for an associative commutative algebra V the triple 
{ADer{V), A, [■, -j^^) is a Gerstenhaber algebra, let us look closer at the structure of 
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the algebra {ADiffi{V), A, [-, ■]^^). In the case V = C°°{M) we will write ADif h{M) 
instead of ADiffi{V). 

Since Uab/ = AAB = {IaI) A 5 + A A {iel) -AAB,we have for C E ADiff^{V) 
instead of ([T6|) the following: 

i^^sC = {i^C) AB + AA (iBC) -A ABA hC. (17) 

This, in turn, implies that on ADif fi{V) we have 

[A, B A = [A, Bf^ AC+ A [A, C]^^ - {-iTtiA ABAC. (18) 

Note that Z) = zi is a graded derivative of the wedge product of degree -1 and D{X) = 
{—iyD{X) defines a right derivative: 

D{X AY)=X A b{Y) + {-iy+^b{X) A Y. (19) 

In general, we will call a Gerstenhaber-Jacobi algebra a triple {A = (Bn&A"', A, [■, ■]) as 
in the Gerstenhaber algebra case but with the graded bracket satisfying 

[X, Y AZ] = [X,Y]AZ + {-iy(y+^^Y A [X, Z] - b{X) AY AZ, (20) 

where D is a graded linear map of degree -1, instead of the Leibniz rule. Putting 
Y = Z = 1 we obtain that D{X) = [X, 1], so that D is a right graded derivation 
of degree -1 with respect to both: the associative and Lie algebra structures. Here we 
assume that the associative commutative algebra V = A~^ has the unit 1 (if not, we can 
always easily extend the whole structure). Thus, in the case of a Gerstenhaber-Jacobi 
algebra adx is not a derivative but a differential operator of first order with respect to 
the wedge product (cf. ||Ko|| ). 

3 Lie algebroids and Jacobi algebroids 

Let M be a smooth manifold. A Lie algebroid on M is a. vector bundle r : L ^ M, 
together with a bracket [•, •] : TL x TL TL on the C°°(M)-module TL of smooth 
sections of L, and a C°°(M)-linear map a : TL — * X{M) from TL to the Lie algebra of 
vector fields on M, called the anchor of the Lie algebroid, such that 

(i) the bracket on TL is M-bilinear, alternating, and satisfies the Jacobi identity; 

(ii) [X, fY] = f[X, Y] + a{X){f)Y for all X,Y eVL and all / G C°°(M). 
From (i) and (ii) it follows easily 

(iii) a{[X,Y]) = [a{X),a{Y)] for all X,Y e TL. 

We get an algebraic counterpart of the notion of Lie algebroid replacing the algebra 
C°°{M) of smooth functions by an arbitrary associative commutative algebra V, and 
the module of sections of the vector bundle r : L — >^ M by a module C over the algebra 
V: a Lie pseudoalgebra over V is a. F-module C together with a bracket [■,■]: Cx C —> C 
on the module C, and a ^-module morphism a : C Der(\^) from C to the l^-module 
DeY{V) of derivations of V, called the anchor of £, such that 
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(i) the bracket on L is bilinear , alternating, and satisfies the Jacobi identity; 

(ii) For all X, y G £ and all / G V we have 

[X,/F] = /[X,y]+a(X)(/)y; (21) 

(iii) a([X, Y\) = [a{X),a{Y)] for all X,Y e C. 

As before, (i) and (ii) imply (iii) if only the V^-module £ is faithful. 

Lie algebroids on a singleton base space are Lie algebras. Another extreme example 
is the tangent bundle TM with the canonical bracket on the space X{M) = TTM of 
vector fields. 

Lie pseudoalgebras in slightly more general setting appeared first in the paper of 
Herz |[He|| but one can find similar concepts under more than a dozen of names in the 



literature (e.g. {R, A)-Lie algebras, Lie-Cartan pairs, Lie-Rinehart algebras, differential 



algebras, etc.). Lie algebroids were introduced by Pradines [Q. For both notions we 
refer to a survey article by Mackenzie |[lVla[ . 



From now on we assume that L is a vector bundle over M, V{M) = C°°{M) is 
the algebra of smooth functions on M, C is the K(M)-module of smooth sections of L. 
Any Gerstenhaber algebra structure on the Grassmann algebra A{L) = ©„gz^"(L), 
where A"'{L) = r{/\"'~^^ L), we will call a Schouten-Nijenhuis algebra. As it was already 
indicated in |[K|j|| , Schouten-Nijenhuis algebras are in one-one correspondence with Lie 
algebroids: 

Theorem 3 Any Schouten-Nijenhuis bracket [■,■] on A{L) induces a Lie algebroid 
bracket on C = A^{L) with the anchor defined by a(X)(/) = [X,/]. Conversely, any 
Lie algebroid structure on £ gives rise to a Schouten-Nijenhuis bracket on A{L) for 
which C = A'^lL) is a Lie subalgebra and a{X){f) = [X, /]. 

Let Q{L) = ©nezf^f"' be the y(M)-module dual to A{L) = QnezA^^-^L), where 
f2N(L) = r(/\"'L*) is the space of sections of the n-exterior power of the bundle L* 
dual to L. We can think of elements of A^"'\L) as being 'n- vector fields' and elements 
of r2["l(L) as being 'n-forms'. 

The Lie algebroid bracket on C = TL induces the well-known generalization of the 



standard Cartan calculus of differential forms and vector fields |[Ma| , |MX|| (one can find 
an algebraic calculus for gauge theories built on extensions of Lie algebroids in [|LM|| ). 
The exterior derivative d : f^t'^l^^) ^l'^'^'^^^ (L) is defined by the standard formula 

d^(Xi,...,Xfc+i) = 5^(-l)*+i[X„^(Xi,...,X„...,Xfc+i)] 

i 

+ J2(-iy^^fi{[X,,X,],X,,...,X„...,X„...,Xk+i), (22) 

i<j 

where Xi & C and the hat over a symbol means that this is to be omitted. For X G £, 
the contraction ix-^'^-^'^{L) — > n^^^^^^L) is defined in the standard way and the Lie 
differential operator £x is defined by the graded commutator 

£x = o d — d o ix. (23) 

The following theorem contains a list of well-known properties of these objects. 
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Theorem 4 Let jj e ^]W(L), u e n{L)) and X,Y e C. We have 

(a) dod = 0, 

(b) d{fi Au) = d(^) A // + A d{u), 

(c) £xilJ' A z/) = £xfJ' A u + fi A £x^, 

(d) £x o £y — £y ° £x = £[x,Y], 

(e) £ X o iy - iy o £ X = i[x.Y] ■ 

Let us now consider Gerstenhaber-Jacobi structures on the Grassmann algebra 
A{L). We wiU call these Schouten-Jacobi algebras. In view of the previous theorem, 
we will identify Schouten-Jacobi brackets on A{L) with Jacobi algebroid structures on 
L. We will see that a Jacobi algebroid structure on L is determined by a Lie algebroid 
structure on L and a '1-form' $ G Vt^^\L) which is closed, i.e. d$ = 0. Indeed, since 
D[X) = (— l)^D(X) defines a graded derivative of the wedge product of degree -1, D 
is y(M)-linear, so D = iq, for some $ G ^1^^^{L). Moreover, since D(X) = 1], 
the graded Jacobi identity implies that D is a derivative also for the Lie bracket, 
i.e. D{[X,Y]) = [D{X),Y] + [X,D{Y)] for X,Y e A°{L) which means exactly that 
d<I> = 0. Further, the Schouten-Jacobi bracket restricted to A^{L) is a Lie algebroid 
bracket. Indeed, (pOD implies in particular that [X, fg] = [X, f]g + f[X,g] — D{X)fg 
for X G A^{L), f G V{M), which means that adx induces on a first order differential 
operator X + D{X)I, where X is a derivation and D{X) = adx(l) is the part of order 
(cf. Theorem 2). Since for X,Y E A^, / G y, we have in view of 



[X, fY] = {[X, f] - D{l)f)Y + f[X, Y] = X{f)Y + /[X, F], (24) 

the bracket on J^{L) is a Lie algebroid bracket with the anchor a[X) = X. 

Conversely, having a Lie algebroid bracket [•, •] on A^{L) with an anchor a and a 
closed '1-form' $ G fi[^l(L) we can construct a Schouten-Jacobi bracket on A{L) as it 
was done in ||IM1|| (but here the signs are adapted to our conventions): 



[X, Yf = [X, Y]^^ + xX A i^Y - {-l^yi^X A Y, (25) 

where [■, ■]'^^ is the Schouten-Nijenhuis bracket on A{L) induced by the Lie algebroid 
structure and x, y are Lie algebra degrees of X, Y. This bracket gives the original Lie 
algebroid structure on A^ and D{X) = [X, 1] = (— 1)'^«$X for X G A{L). Thus we get 
the following. 

Theorem 5 The formula describes a one-one correspondence between Schouten- 
Jacobi brackets on A{L) and Jacobi algebroid structures on L, i.e. Lie algebroid brackets 
on A^{L) defining Schouten-Nijenhuis brackets [■,-]'^^ with the presence of a 1-cocycle 
$ G n^^^iL), d$ = 0. 

One can develop a Cartan calculus for Jacobi algebroids similarly to the Lie algebroid 
case (cf. |[IM1 |). For a Schouten-Jacobi bracket associated with a 1-cocycle $ the 



definitions of the exterior differential d* and Lie differential = d* o i + i o d* are 
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formally the same as (^) and (|23|), respectively. Since, for X G ^°(L), / G V{M), we 
have [X, /] = [X, ff^ + (z<i,X)/, one obtains d*/i = d/x + $ A /x. Here [-, -f^ and d 
are, respectively, the Schouten-Nijenhuis bracket and the exterior derivative associated 
with the Lie algebroid of the given Jacobi algebroid. For the exterior differential and 
Lie differential associated with a Jacobi algebroid we have the following. 

Theorem 6 Let ^ e Q\^\L), v G and X,Y e C. We have 

(a) d* o d* = 0, 

(h) d*(^ A //) = d*(^) A + (-l)V A d*(i/) - $ A A z/, 

(c) £%{^ Au) = A + yU A — {iq>X)ii A u, 

(d) £% o iy - iy o £% = i[x,Y], 

J £ ^ O £ £ y O £ ^ — £ yj . 

Proof. The proof of (a), (b), (c) can be found in |P^M1|| . The property (d) follows easily 
from definitions, and (e) follows easily from (d). □ 

Example. Consider the Jacobi algebroid structure associated with the Nijenhuis- 
Richardson bracket on ADif fi{M). According to Theorem 2, ADif f^{M) can be 
identified with A'(M) © C°°(M), i.e. with sections of the direct sum bundle TM®m^- 
It is easy to see that the Lie algebroid bracket on this bundle reads (cf. |[1M1|| ) 

[{X,f),{Y,g)] = {[X,Y],X{g)-Y{f)), (26) 

where the right-hand side bracket is the standard bracket of vector fields. The 1-cocycle 
$, written as zi in Theorem 2, is given by $(X, /) = /. The Schouten- Jacobi bracket 
(i.e. the Nijenhuis- Richardson bracket in this case) reads 

[Ai + / A A2, 5i + / A 82^" = [Ai, + (-1)"/ A [A,,B2f^ + / A [A2, Bif^ 

+aAi AB2- (-1)"M2 A 5i + (a - b)I A A2 A B2. (27) 

Hence, the bracket {■, ■} on C°°{M) defined by a bilinear differential operator A+ JAF G 
ADif fl{M) is a Lie bracket (Jacobi bracket on C°°{M)) if and only if 

[A + /AF,A + /A T]^^ = [A, A]^^ + 2/ A [F, A]'^^ + 2A A F = 0. (28) 

We recognize the conditions 

[F,A]^^ = 0, [A,A]^^ = -2AAF, (29) 

defining a Jacobi structure on M (0). The difference in the sign when comparing 
with [O comes from our convention for the Schouten bracket. 



It is obvious that the formula ( pTl) defines a Schouten- Jacobi bracket for any exten- 
sion L ©Af of a Lie algebroid L associated with the anchor map: 

[iXJ),iY,g)] = i[X,Y],aiX)ig)-aiY)if)). (30) 



9 



The 1-cocycle is in this case f)) = f- 

Suppose that we have a Schouten-Jacobi bracket as above and Z G A^{L). We call 
X G A^{L © M) a Z -homogeneous element if [Z, X]* = —xX. The graded subspace 
spanned by Z-homogeneous elements is clearly a Lie subalgebra of the Schouten-Jacobi 
bracket. We can represent the Schouten-Jacobi bracket for Z-homogeneous elements of 
A{L © M) in the Schouten-Nijenhuis bracket of A{L). 

Theorem 7 Let Hz he the mapping which associated with any Z-homogeneous element 
A = Ai + I ^ A2 e A^iL © R) the element Hz{A) = Ax ^ Z N A^. Then Hz is a 
homomorphism of the Schouten-Jacobi bracket ^Ij ) on Z-homogeneous elements into 
the Schouten-Nijenhuis bracket on A{L): 

[Hz{A),Hz{B)f'' = [Ai + ZAA,,B, + ZAB,f'' = 

[Ax, + aAi AB2- {-1)%A2 A Bi (31) 

+ {-iyZ A [Ax, B^f"" + ZA[A2, Bxf" + {a - b)Z A A2 A B^ 
= Hz{[A,Bf). 

4 Lifts of Schouten-Jacobi brackets 

Since in (|25| ) we can put instead of where /i is a parameter, the Schouten-Jacobi 
bracket can be viewed as a deformation of the Schouten-Nijenhuis bracket. 

Theorem 8 The Schouten-Jacobi brackets [■,-]'^^ and [■,-]q defined by 

[X,Y]'^ = xX Ai^Y -{-lyyi^X AY (32) 

are compatible, i.e. [X, y]^* = [X, Y]^^ -\-h[X, Y]q is a graded Lie bracket for all /i G R. 

An easy way to see that the Schouten-Jacobi bracket ( P^D is really a graded Lie bracket 
is the following. 

Consider the product L of the Lie algebroid L and TM, i.e. we view L = L x TR 
as a vector bundle over M x R with the obvious product Lie bracket and the anchor 
a X id : L X TR TM x TR. For a fixed 1-cocycle $ G fi^^^ (L) we define a Lie algebroid 
injective homomorphism [/$ : L L by 

U^{X) = X + i^Xdt. (33) 

Here sections of L and functions on M on the right-hand side are understood as sections 
of L X TM and functions on M x R in obvious way and dt is the basic vector field on 
M. Since $ is a 1-cocycle, 

[U^{X),U^{Y)] = [X,Y] + {[X,i^Y] + [t^X,Y])dt = [X,Y] + i^[X,Y]dt = U^{[X,Y]) 

(34) 

for X,Y E C and is really a homomorphism. This homomorphism can be extended 
to a homomorphism of the whole Gerstenhaber algebra by 

U^{X) = X + dtAi^X, (35) 
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since Uq, respects the wedge product. Thus 

[u^{x), f/^(y)]^^ = u^{[x, y]^^) (36) 

for all X,Y E A{L). Now, we can define a new graded linear map [/$ : A{L) — > A{L) 
by U^{X) = e~'^*[/$(X). This mapping respects grading but not the wedge product. 
However, the image of [/$ is a Lie subalgebra of the Schouten-Nijenhuis bracket on 
A{L). It is easy to see the following. 

Theorem 9 For X,Y E A{L) we have 

[U^{X), U^{Y)f^ = U^{[X, Yf^ + xX A i^Y - {-l^yi^X A Y). (37) 

Thus Uq, is an embedding of the Schouten-Jacobi bracket [■, on A{L) (induced by the 
Schouten-Nijenhuis bracket and the 1-cocycle $ ) into the Schouten-Nijenhuis bracket 
on A{L), so is a graded Lie bracket. 



Note that on a similar idea is based the Poissonization of a Jacobi structure in ||GL|| and 



the construction a Lie algebroid from a Jacobi structure in ||Va|| . The bundle projection 



of L X TM over M x M onto L x M over M x M defines a Lie algebroid bracket on L x M, 
i.e. on 'time-dependent sections of U as described in ||1M1||. Composing [/$ with this 



projection we get a representation of the Schouten-Jacobi bracket [■, ■] on A{L) in the 



Schouten-Nijenhuis bracket of the Lie algebroid L x M (cf. [[1M1|| , section 4.2). The 
advantage of this construction is that the dimension of the fibres remains the same. On 
the other hand, in our construction the Lie algebroid is fixed and only the embedding 
depends on Phi. 



There is another approach to Lie algebroids. As it was shown in ||GU1| , |GU2|| , a Lie 



algebroid structure (or the corresponding Schouten-Nijenhuis bracket) is determined 
by the algebroid lift X h-* X^ which associates with X E A{L) a multivector field 
X'^ E A[M). Recall, that sections /i of the dual bundle L* may be identified with linear 
(along fibres) functions on L: L^{Xp) =< fj,{p),Xp >. By homogeneous elements of 
the Schouten algebra of multivector fields on a vector bundle we understand elements 
which are homogeneous with respect to the Liouville vector field V. This means that 
each contraction with differentials of linear functions < A, dt^^ A ■ ■ ■ A di^^ > is again 
a linear function associated with an element [/iq, • • • , f^\]A- The multilinear operation 
[^0, . . . , /iaJa on sections of L* we call the bracket induced by A. Note that these brackets 
have a property similar to the Lie algebroid brackets: 

[^0,---,/^A-1,/Ma] = /[/io, • ■ ■ ,/^A-l,/iA] + A^o,...,^^_j(/)/iA, (38) 

where 

Ko,-,f^x-i if) = [/^o, • • • , /^A-l, d/]A (39) 

defines the Hamiltonian vector field of A associated with (/io, . . . , ^a-i)- Thus, there is 
a one-one correspondence between linear multivector fields and such brackets. 

Theorem 10 ( / |G' U]\ ]) For a given Lie algebroid structure on a vector bundle L over 
M there is a unique complete lift of elements X of the Gerstenhaber algebra A{L) to 
homogeneous elements X^ of the Schouten algebra A{L) of multivector fields on L, such 
that 
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(a)r = L^fforfeC^{M); 

(h) X^(v) = for XeTL, fie TL*; 

(c) {X ^ Yf = ^Y'' + X" ^ Y\ where X ^ X" %s the standard vertical lift of 
multisections of L to multivector fields on L. 

Moreover, this complete lift is a homomorphism of the Schouten-Nijenhuis brackets: 

[X, Yf = [X^, Y'] (40) 

and 

[x^ y''] = [X, y]^ (41) 

Remark. For the canonical Lie algebroid L = TM, the above complete lift reduces to 
the better-known tangent lift of multivector fields on M to multivector fields on TM 
(cf. |Y| , |GU|| ). The complete Lie algebroid lift of just sections of L, i.e. the formula 
(b), was already indicated in ||1V1X1 . 



Our aim is to find an analog of the Lie algebroid complete lift for Jacobi algebroids 
which will represent the Schouten- Jacobi bracket on A{L) in the Nijenhuis- Richardson 
bracket of first order multidifferential operators on L. Let [■,■]* be the Schouten- Jacobi 
bracket on A{L) associated with a Lie algebroid structure on L and a 1-cocycle $. 

Definition. The Jacobi lift of an element X G A^{L) is the element X$ G ADiffi{L), 
i.e. a multidifferential operator of first order on L, defined by 

X^ = X'-xL^X'' + 1 A{i^Xy, (42) 

where X^ is the complete Lie algebroid lift and X"" is the vertical lift. 

Theorem 11 The Jacobi lift has the following properties: 

(a) h = L^.f for f eC°-{M); 

(b) X$(t^) = t^i^ and X^{1) = <I>(X) or /or X eTL, ^ G TL* and t : L ^ M being 

the bundle projection; 

(c) (X A Y)^ = X$ A + X^ A y$ - 6$(X^ A F"); 

r^i;[x$,F*r^ = ([x,y]%. 

Proof. The proof consists of standard calculations using the properties of the Schouten- 
Nijenhuis and Schouten- Jacobi brackets and the properties of the complete lift. One 
should also remember that z$[X, F]* = [i$X, F]* + (— 1)^'[X, i^Y]^ and use the identi- 
ties (cf. FUTp [i$,X^]^^ = -{i^Xy and [i$,X^]^^ = -\i^Xf (the last one depends 
on d<l> = 0). □ 
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Corollary 1 If X = K + I /\T is a Jacobi structure on M, then the Jacobi lift X$ is 
a homogeneous Jacobi structure on TM © M. Moreover, 



X$ = A" + at A - t{A^ + dtAT'')+I AT 



IV 



(43) 



where A^, A", etc., are the complete and vertical lifts to TM and t is the canonical 
linear coordinate in M. 

Proof. In our case the Lie algebroid is the extension TM © M relative to the anchor 
map and the complete and vertical lifts of A and F with respect to this Lie algebroid 
structure coincide with the standard tangent complete and vertical lifts. Moreover, 
r = 0, r = dt and i^X = L. □ 

Remark. We get the same homogeneous Jacobi structure as ||1M| ], example 5. 

According to Theorem 7, there is a homomorphism H\7 : ADif fi{L) — > A{L) of the 
Nijenhuis- Richardson bracket on homogeneous first order multi-differential operators 
into the Schouten- Nijenhuis bracket of multivector fields on L given by H^{Xi + I A 
X2) = Xi + V A X2, where V is the Liouville vector field on the vector bundle L. 

Definition. The Poisson lift X'^ is defined by 



(a) fl = i^.fforfeC^{M); 

(b) Xl{i^) = Lj.^^; 

(c) {X A Y)% = XIAY'" + X^" A - i^{X^ A Y^); 
id)\Xl,Y$^^^ = {\X,Yf)%. 

5 Lie algebroids associated with local Lie algebras 



It is known ( |[Fu| , |Ko| , |GU|| ), that a Poisson structure A on M defines not only the 
Poisson bracket {■, - jA of functions, but also a Lie bracket [■, -Ja on 1-forms, given by 



where A^ = z^A and < ■ , ■ > is the pairing between forms and multivector fields. In 
particular, [d/, d^ijA = d{/, gfjA and A* is a Lie bracket homomorphism: 



x% = H^{x.i>) = x'- xL^x'' + V A {i^xy. 



(44) 



Theorem 12 The Poisson lift has the following properties: 



iy]A = £k^i' - £A,fJ' - d < A, fi Au > 



(45) 



[A^,Ai.]a = A[^,j,]^. 



(46) 
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This bracket on 1-forms is a Lie algebroid bracket and it induces the corresponding 
Schouten-Nijenhuis bracket on fl{M). It was observed by Koszul |[Ko|| (see also IIKSM]] ) 
that this bracket has a generating operator d\: 

Ha = (-i)™(9A(/i (-i)> a d^v), (47) 

where d\ = i (P) o d — d o i (P) and m is the standard degree of the form /i. Note that 
c^A is a homology operator, since d\ = 0. Moreover, 

dKHA = [d/i,HA + (-ir"'[/^>d//]A. (48) 

The whole structure, i.e. the Gerstenhaber algebra with the generating operator d for 
the Lie bracket satisfying = is called a Batalin-Vilkovisky algebra (cf. ||KS|| ). With 
the presence of the derivation d of both: the associative and Lie algebra structures it 
is a differential Batalin- Vilkovisky algebra. 

It is well-known ||GU|| that the Lie algebroid bracket (^) is induced by the complete 



lift A^. Now, it should be no surprise that the Lie algebroid bracket (|I]) we started with 
is induced by our Poisson lift of the corresponding Jacobi structure. 

Theorem 13 IfX = A + lArisa Jacobi structure on M, then the Poisson lift X|, 
is a homogeneous Poisson structure on TM © R. Moreover, 

Xl = K^ + dtAT^ -tk"" + V AT\ (49) 

where A'^, A*", etc., are the complete and vertical lifts to TM, respectively, V is the Liou- 
ville vector field on TM and t is the canonical linear coordinate in M. This homogeneous 
Poisson structure determines a Lie algebroid bracket on the dual bundle r*M ©M, given 
for eT{T*M (BR), fi = (aj), u = {(3,g), by 

[/i, u] = £%^u- £%^fi - d* < X, /i A >, (50) 

where = i^X = (zaA + /r, — z^F), X^, = iyX = {i^A + gT, —i/sT) are the correspond- 
ing first order operators viewed as sections of TM © R and $ is the 1-cocycle defined 
by the projection on R. This bracket coincides with ^). 



Proof. The first part follows immediately from the general result. To show (|50D 
consider X = Xi /\ X2 and = /ii A /i2, where Xi G , fii G fil-^l Then the bracket 
{Vi' V2}x| defined by Xg is given by 

< {X^)% A {X^r + {X^y A iX2)% - L^{X^, A X^^), dv, A d^^, > . (51) 

This is the linear function 

5^(-l)^+^(X,)^(V,) < V.o) > < X^dv, Adv. >, (52) 

where a is the transposition of (1,2). Taking into account that Y^{Liy) = 0£^iy and 
Y^{tu) = '•<y,!/> we get that this linear function corresponds to 

J2i-iy^' < X„/x, > i^t^/i.o)- < X,/i > (53) 
id 



14 



In view of properties f = £Jy^~ <Y,i/> d*/ and d'^{fg) = fd'^g + gd'^f — fg^, 
we get (|50|) . To show that this is exactly (|lD it suffices to lead easy calculations with 

Of course, instead of the Jacobi structure X = A + /Arwe can start from an arbitrary 
Schouten-Jacobi bracket [■,■]* on A{L) and an element X G A^{L) with [X, X]* = 
(we will call such X a Jacobi element) and use the formula ([50| ) to define a Lie algebroid 
structure on L* (see | [11V11| |). 



Example. Let L be a Lie algebroid and let (A, F) be a Lie algebroid Jacobi structure, 
i.e. A e A\L),T e A°{L), satisfy (ID. Then, the element X = A + / A L regarded as 
a bisection of the Lie algebroid extension L(Bm'^ relative to the anchor map (cf. (pO|)) 
is a Jacobi element of the Schouten-Jacobi bracket associated with the 1-cocycle given 
by $((y, /)) = / (cf. example 1). Thus, the Poisson lift X^ defines a Lie algebroid 
bracket on L* (Bm'^ which is formally the same as (^ . 

The formula ( |5I1| ) for the bracket of '1-forms' generated by X|, can be generalized 
for arbitrary X G A^{L) as follows. 

Theorem 14 The bracket [/io, . . . ,/ix]x| for fii G FL* induced by X|, by 

i[Mo,...,/..]x= =< ^S, d*Vo A ■ ■ ■ A d*v, > (54) 

reads 

X 

[/^o, • • • , f^x]xg = ^i-iy^^£ xt:l^k - xd* < X, /io A ■ ■ ■ A /i^. >, (55) 



k=0 



where 

In particular, 



Xk — VoA-AAfcA---AAt^-^- (56) 



[d*/o, . . . , d*/.]x| = d* < X, d*/o A ■ ■ ■ A d*/. > . (57) 



Remark. In the case when the differentials d*/ generate L* almost everywhere the 
formula (|^) defines the bracket, thus the homogeneous tensor X^, uniquely. 

Suppose now that L is a one-dimensional vector bundle over M. Like in the case of 
the trivial bundle, the graded space ADif fi{C) of ffist order multidifferential operators 
on L is a Lie subalgebra of the Richardson-Nijenhuis bracket on A{C) - the space of 
multilinear maps of the vector space V = C of sections of L. The difference with the 
case V = C°°{M) is that we do not have a natural associative algebra structure on 
V . However locally, fixing a basic section over an open subset N of M, we have an 
isomorphism of the corresponding graded Lie algebras ADif fi{C\^) and ADif fi{N). 
Thus, locally, we have the Poisson lift A% for any A G ADif fi{C). The problem is that 
what corresponds to 1, and hence what is $ on ADif fi{C), depends on the choice of 
the local section. However, using the preceding remark, we can conclude that there is a 
uniquely defined complete lift A'^^^. This time it is not a multivector field on TM (Bm 
but on the dual Jl{L) to the first jet bundle Ji{L). Of course, in the trivial case, Ji{L) 
is canonically isomorphic with T*M © M, so Jl{L) is isomorphic with TM © M but for 
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non-trivial bundles it is not the case. We just define the complete lift Af^^ as the unique 
homogeneous (a + l)-vector field on Jl{L) such that 

< Aloe, ^hiifo) A ■ ■ ■ A di,,(/„) >= Jl(A(/o, . . . , fa)) (58) 

for all sections fo, . . . , fa of L. Here ji means the first jet prolongation of a given 
section. Since the first jet prolongations of sections of L generate Ji{L) over an open- 
dense subset, the multivector field A'[^^ is uniquely defined. Moreover, it is easy to see 
that for any local trivialization A'^^^ coincides with A'^. Since all our brackets are local 
over M, we get the following. 

Theorem 15 The complete lift of first order differential operators on a one- dimensional 
bundle defined by is a homomorphism of the Nijenhuis-Richardson bracket on 
ADif fi{C) into the Schouten-Nijenhuis bracket of homogeneous multivector fields on 
J*iL). 



Corollary 2 If X & A^Dif fi{C) represents a local Lie algebra bracket on L, then X[^^ 
induces a Lie algebroid structure on the first jet bundle Ji{L). 

Remark. There is no clear analog of the Jacobi lift for ADif fi{C), since locally it 
depends stronger on the 1-cocycle $ associated with the trivialization. This suggests 
that the lift to multivector fields is primary with respect to the Jacobi lift. Note also that 
ADif fi{C) is a C°°(M)-module and the Nijenhuis-Richardson bracket on Diffi{L) is 
a Lie algebroid bracket like in the trivial case. This time however we have no splitting 
Diffi{C) = Der{C) © C°°(M) (it makes no sense) but we have an exact sequence 

^ C°°(M) ^ Diff\{C) X{M) (59) 

which gives the anchor map for this Lie algebroid and splits only when the bundle L is 
trivializable. 



6 Jacobi bialgebroids 

Recall that a Lie bialgebroid [E^, MX] is a dual pair (L, L*) of vector bundles equipped 



with Lie algebroid structures such that the differential d* induced from the Lie algebroid 
structure on L* as defined by ( P^ is a derivation of the Schouten-Nijenhuis bracket 
induced by the Lie algebroid structure on L: 

djX, Y] = [d,X, Y] + (-1)"[X, d,Y] forall X,Y e A{L). (60) 

For Jacobi algebroids we will keep formally the same definition. 

Definition. A Jacobi bialgebroid is a dual pair (L, L*) of vector bundles equipped 
with Jacobi algebroid structures such that the differential d,,, induced from the Jacobi 
algebroid structure on L* is a derivation of the Schouten- Jacobi bracket induced by the 
Jacobi algebroid structure on L. 
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Remark. Note that the above definition coincides with the definition of generalized Lie 
bialgebroid in pn[| . Indeed, the condition (4.1) in pTIl is just (1^) for X,Y e A^{L), 



and the condition (4.2) is just ( |60D for F = 1, so every Jacobi bialgebroid is a generalized 
Lie algebroid in the sense of ||IM1 |. To show the converse we will use the following 



lemma. 

Lemma 1 //d* is the differential on A associated with a Jacobi algebroid structure on 
L* , then 

d, [X, y A z] - [d,x, r A z] - (-1)- [X, d, (r A z)] (6i) 
= (d4x,y] - [d,x,F] - (-i)-[x,d,y]) A z 

+ (_l)-(?/+i)y A (d4X, Z] - [d,X, Z] - {-IY[X, d,Z]) 
-{d,D{X) - D{d,X) - (-1)"[X, Xo]) A r A Z, 

where Xq = d*l. 

Proof. The proof consists of standard calculations using ( pOD and the following property 
of the exterior differential: 

d,(F AZ) = (d,F) AZ+ {-ly+^Y A (d,Z) -XqAYAZ. (62) 

□ 

Theorem 16 // is satisfied for all X,Y e A^{L) and all X e V{M) ©^°(L), y = 
1, then it is satisfied in general. 

Proof. First, note that 

d,D(X) - D{d,X) - (-1)"[X, Xo] = d,[X, 1] - [d,X, 1] - (-1)"[X, da] = (63) 

for X e V{M) © A^L). Hence, for X,Y e A°{L) and / G V{M) we get from (|6l|) and 
(|5D|) for elements of A^{L): 

(d,[X, /] - [d,X, /] - [X, dj]) AY = 0, (64) 

so (pop is satisfied also for X G A^{L) and Y G V{M). Using, in turn, this fact when 
applying X = f,Y = g e ^(M), Z G A%L), to (il|), we get 

{d,[f,g]-[dJ,g] + [f,d,g])Z = 0, (65) 

so ( |60|) is satisfied for all X,Y E V{M) © ^°(L). Now, we can prove ( |60l) by induction 
with respect to the sum x + y of degrees of X and Y. li x + y > and, say, y > (the 
case a: = y = is covered by assumption), then we can write F as a linear combination 
of wedge products A A B with a,b < y and (^) follows for X, Y by induction in view 
offBTD. □ 



Example. In | p,M 1| ] , Theorem 5.1, it is shown that any Jacobi element X G A^{L), 
[X, X]* = 0. for a Jacobi algebroid structure in A{L) associated with a 1-cocycle 
$ G A^{L*) gives rise to a Jacobi bialgebroid for which the Lie algebroid structure on 



A{L*) is given by the formula ( pO]) and the corresponding 1-cocycle is — X$. This is of 
course a Jacobi analog of a triangular Lie bialgebroid in the sense of Mackenzie and Xu 

MM. 
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7 Conclusions 



We have shown that, by analogy with Lie algebroids regarded as odd Poisson brackets, 
one can define Jacobi algebroids regarded as odd Jacobi brackets on the Grassmann 
algebra A{L) associated with a vector bundle L. Jacobi algebroids in this sense turn 
out to be objects already studied by Iglesias and Marrero [[11V11|| . It is possible to develop 



a Cartan calculus for Jacobi algebroids. We have constructed lifts of tensor fields which 
transport the Schouten- Jacobi bracket on A{L) into the Schouten bracket of multivector 
fields on the total space L. This leads to a natural construction which associates a Lie 
algebroid with every local Lie algebra of Kirillov. We have shown also that a notion of a 
Jacobi bialgebroid can be consistently introduced with the full analogy to the classical 
case. 

Since every Lie algebroid can be viewed as a particular case of a Batalin-Vilkovisky 
algebra |pCu|] , it is natural to look for a similar correspondence in the case of Jacobi 
algebroids. First steps in this direction have been done in |[1LMP|| . There is a natural 
way of defining generating operators for Schouten- Jacobi brackets and of defining the 
corresponding homology. We postpone detailed studies of these questions to a separate 
paper. 
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